Complex industrial processes such as the drying of combustible biomass can be modeled with computational fluid dynamics simulations. Due to their complexity, it is not straightforward to use these models for the analysis of system properties or for solving optimal control problems. We show reduced order models can be derived and used for these purposes for industrial drying processes.
Introduction
Industrial drying processes, such as the drying of wood chips, contribute considerably to the energy consumption of the production of renewable fuels. It is obviously interesting to find energy optimal modes of operation for these processes. Dynamic models are useful tools for this task, but they often need to take the spatial behavior inside the biomass into account and thus involve partial differential equations (PDE). Simulating PDE with tools like computational fluid dynamics (CFD) is state of the art nowadays. In [19] , for example, the drying of wood chips is modeled by coupling CFD and discrete element method (DEM) simulations. Since a direct analysis and control design with infinite-dimensional models is difficult and often not practical for models of industrial processes, it is an option to apply model reduction methods first and to proceed with established methods for finitedimensional systems.
Reduced order models (ROM) based on proper orthogonal decomposition (POD) and Galerkin projection are suitable for the analysis and optimal control of distributed parameter systems [5, 10, 14] . We showed in [1, 16] that models of this kind can be used for describing the dynamic drying process inside a single anisotropic wood chip. In the present paper, we extend the results of [1] to show that ROM in combination with numerical optimal control can be used to find energy-optimal heating trajectories for an industrial drying process. Controllability is analyzed with an empirical framework presented by [9] and [11] , which is based on covariance matrices. More detailed pointers to the literature are given in section 3. Section 2 introduces the wood chip drying process of interest. The control problem and the required nonlinear controllability tools are presented in section 3. We derive a ROM and reduce the computational effort for the controllability analysis in section 4. The application to the wood chip drying process is given in section 5. We analyze controllability aspects and the effect of ROM of different order. Optimal heating profiles are derived with numerical optimal control methods in section 6. A short conclusion and an outlook can be found in section 7.
Modelling of wood chip drying processes
The drying of biomass in rotary dryers can be modeled by coupling the motion and physical interaction of wood particles inside the drum with the inner particle heat and water diffusion [18, 19] . The drying process of a single wood chip is characterized by the transient temperature and moisture distribution inside the particle. It must be resolved on the single particle scale due to the size and anisotropy of the wood material [16, 19] . A typical size of a wood chip is 10 mm × 20 mm × 5 mm.
We assume that the drying of a wood chip occurs due to water evaporation at the surface. It depends on the temperature and moisture distribution inside the wood chip and the ambient conditions. Let T (y, t) and x(y, t) be the temperature and moisture, respectively, at time t and spatial location y ∈ Ω, where Ω ⊂ R 3 is the volume of the wood chip. Modeling the drying process with Fourier's law of heat conduction and Fick's law of diffusion yields ∂x(y, t) ∂t = ∇ δ T (y, t) ∇x(y, t) (1a)
∂T (y, t) ∂t = s −1 x(y, t) ∇ λ x(y, t) ∇T (y, t) .
The material parameters, i.e., the volumetric heat capacity s(x(y, t)), the diffusion coefficients λ(x(y, t)) and δ(T (y, t)) depend on the local temperature or moisture at spatial location y and time t. Note that λ(x(y, t)) ∈ R 3×3 and δ(T (y, t)) ∈ R 3×3 due to the anisotropy of the wood. The inner particle moisture and temperature distributions are affected by heat and mass fluxes through the particle surface. The boundary conditions for (1) on the particle surface ∂Ω with associated normal vector n read
where
[16, Chapter 2.1]. The boundary conditions (2) depend on the ambient temperature T ∞ , the ambient absolute humidity ρ ∞ , the local surface temperature T (y, t), the local absolute humidity on the surface ρ x(y, t), T (y, t) and the enthalpy of adsorption ∆h v x(y, t), T (y, t) . The boundary conditions are nonlinear due to a nonlinear modeling of ∆h v and ρ. Additionally, (2) depend on constants such as the heat transfer coefficient β, the mass transfer coefficient α and the density of dry wood ρ d .
Equations (1) are solved for initial conditions
x(y, t = 0) = x 0 for all y T (y, t = 0) = T 0 for all y
and boundary conditions (2) with given ambient temperature T ∞ to obtain x(y, t) and T (y, t), i.e., the moisture and temperature distribution inside a wood chip. The initial conditions represent a wet wood chip at room temperature (see Table 1 ). We do not discuss details of the CFD simulation required to solve (1)-(4) but refer to [16, 18, 19] , since the present paper focuses on reduced order models and optimal control problems.
Problem formulation
We select the ambient temperature T ∞ to be the control input and seek a function T ∞ (t) that results in a dry wood chip within a prescribed time span and is at the same time energy optimal in a sense explained below. As a preparation, we show that T ∞ (t) permits controlling the temperature and moisture by analyzing the controllability of a single wood chip, i.e., the PDE (1) subject to the boundary conditions (2) . There exist several methods for the controllability analysis of nonlinear distributed parameter systems such as (1) . Some approaches directly consider the controllability of the PDE with semi-group theory methods [6, 13] . Other approaches analyze the finitedimensional approximation that results for spatial discretization [9, 12] . Mature methods are available for finite-dimensional systems, but the spatial discretization that would be required for an application to the drying process considered here would lead to very large systems. We will see in Section 4 that order reduction is instrumental to arriving at a finite-dimensional system with an appropriate precision and size.
A linearization around an operating point is not useful here, since a large temperature range needs to be covered. We therefore perform a nonlinear controllability check with the empirical framework introduced in [9].
Empirical controllability Gramian
The empirical controllability analysis is based on simulation results for (1) . We introduce a discrete model for (1) that results from spatial discretization for this purpose. Specifically, the wood chip domain Ω is tessellated with a Cartesian grid consisting of N cubic finite volume elements of volume ∆V where the element i belongs to location y i ∈ Ω, i = 1, . . . N . We obtain
where x(y i , t) and T (y i , t) approximate the moisture x(y, t) and temperature T (y, t) of (1) at location y i . Gradients are approximated in (5) by balancing heat and mass fluxes through each finite volume ∆V . The discrete boundary conditions read
We collect x(y i , t) and T (y i , t) for all i = 1, . . . , N in the vector
We claim without giving details that a finite-volume model for (6) can be written in the forṁ
where f, g :
For more details on the finite-volume method we refer to [7, 8, 15] and [18, pp. 45 ]. Note that (8) has a control affine form for the boundary conditions (2). This is a prerequisite for the controllability analysis.
The controllability for (8) is carried out as follows [9] . Assume z(0) is a steady state f z(0) + g z(0) u 0 = 0 for some constant input u 0 . We record the response z d (t) to the impulse
for several different h d ∈ R, where d = 1, . . . , s enumerates the inputs and resulting time series. We can then determine the empirical controllability Gramian
where G ∈ R M×M is symmetric. The authors of [9] compose the controllability Gramian (10) from data that is collected from s different input magnitudes h d , d = 1, . . . , s to account for the nonlinearity in the controllability analysis. For nonlinear systems, we cannot make a statement on global controllability, but the following Lemmata are valid locally [11] .
Let β i , i = 1, . . . , M refer to the eigenvalues and v i to the associated eigenvectors of the eigenvalue problem
Lemma 1 (see, e.g., [2, Chapter 6.2]) Assume the system (8) to be linear and stable. Then Lemma 2 (see, e.g., [14] ) Let β k and v k , k = 1, . . . , M be the eigenvalues and associated eigenvectors of (10) for a stable linear system. Then all points in the state space that can be reached from the origin within a prescribed time t with an energy
Essentially, the eigenvalues β 1 ≥ . . . ≥ β M and their corresponding eigenvectors v 1 , . . . , v M determine the range and direction in which the system is easiest to control.
It is impractical to determine many Gramians (10) for the wood chip drying process with the CFD model (8) . The order of (8) M = 2N is typically large for practically relevant models, since N is the number of grid points used to approximately solve (1) by CFD. In fact, N = 1000 and M = 2000 result in the particular case treated here.
A reduction of the model (8) is thus instrumental to performing the controllability analysis. We introduce a method in the next section that results in both an acceleration of the simulations and a reduction of the eigenvalue problem.
Solution formulation
A ROM is derived in section 4.1 and used to reduce the computational effort for the controllability analysis in 4.2.
POD Galerkin based reduced order model
We briefly introduce the model reduction procedure as required for the present paper and refer to [1, 16] for details. The model reduction is based on POD and subsequent Galerkin projection [17] . We discuss the reduction of Fourier's law of heat conduction (1b). Fick's law of diffusion (1a) can be treated analogously.
The first step is to obtain so called snapshots
that solve or approximately solve (1b) at time points t j , j = 1, . . . , m for boundary conditions (2) and given initial conditions (4) at the spatial points y i ∈ Ω, i = 1, . . . , N .
Assuming that b linear independent snapshots exist, we can find b orthonormal basis vectors
whereT
T (y i ) ∈ R, is the time average and
c T,k (t j ) ∈ R, are time dependent coefficients. The brackets ·, · denote the standard inner product in its discrete form
for a(y i ), b(y i ) : Ω → R and the discrete volume ∆V ∈ R. Truncating the sum (12) at some cut-off value n T < b does not result in an exact representation but in an approximation of the initial set of snapshots. A systematic method to determine the modes and number n T so that the truncated sum results in a good approximation is a singular value decomposition of the snapshot set. We refer to [3, 4, 17] for further details. Since n T corresponds to the number of ODE in the ROM, n T should be chosen as small as possible. The approximation reads
We now seek n T ordinary differential equations for the coefficients (14) such that their time continuous results c T,k (t) yield a reasonable approximation for (16) at t = t j and all times in between those sample times. We make some assumptions to simplify the explanation to follow. Firstly, we assume a continuous representation of ϕ T,k (y i ), i.e., we assume that ϕ T,k (y) is defined for all points y ∈ Ω, since it allows us to apply integrals and differential operators. Secondly, we assume that the material parameters s and λ are constant. The model reduction and results presented in section 5 and 6 are performed without these simplifications. Additionally, we omit the spatial and time dependence of (16) in the following explanation for notational convenience. Substituting (16) 
The projection onto the first l = 1, . . . , n T modes reads
Exploiting the time independence and orthonormality of the modes, i.e.,
with Kronecker's delta δ l,k , results in the desired ordinary differential equationṡ
The l = 1, . . . , n T ODE (19) constitute the ROM for temperature diffusion. Note that the only time dependent variables are the coefficients c T,k , k = 1, . . . , n T . We apply Gauss's theorem to explicitly consider the boundary conditions and the control input in (19) . Since the boundary conditions (2) are functions of temperature and moisture, we need both, the temperature approximation (16) and the corresponding moisture approximation. Letx(y i ), n x , ϕ x,k (y i ) and c x,k (t j ), i = 1, . . . , N , j = 1, . . . , m, k = 1, . . . , n x be the time average, cut-off value, modes and time coefficients, respectively, obtained from a set of snapshots for the moisture determined with the methods presented in section 4.1. Then
is an approximation like (16) but determined for the moisture. Without giving details we state that (19) is transformed intȯ
dS when the volume integral of the inner product is transformed into a surface integral with Gauss's theorem. The boundary condition Γ T and ambient temperature T ∞ (t) appear explicitly in (21) (see [1] for details). Note that the ODE (21) are nonlinear due to the nonlinearity of the boundary condition Γ T . In fact, (21) is input affine when the ambient temperature T ∞ (t) is considered to be the control input. Note that this is a prerequisite for the calculation of (10).
The initial conditions for the temperature in (4) are considered by projecting (4) onto the first k = 1, . . . , n T modes. If the temperature in (4) is part of the snapshot set then the coefficients c T,k (t 0 = 0), k = 1, . . . , n T from decomposition (16) for t 0 = 0 are the desired initial conditions for (21).
We repeat the procedure of section 4.1 with the moisture approximation (20) to derive n x ODE for the moisture diffusion. Again, the boundary conditions (2) for moisture are considered explicitly by utilizing Gauss's theorem. The set of n x + n T = n ODE for moisture and temperature constitute the ROM. Note that all ODE are coupled, since the state variables (16) and (20) appear in all ODE. The initial conditions for (21) and its moisture equivalent can be taken from decomposition (16) and (20), respectively, for t 0 .
ROM based controllability Gramian
The ROM of section 4.1 is used to approximately solve the eigenvalue problem (11) .
x,l (t) and c d T,k (t), with l = 1, . . . , n x , k = 1, . . . , n T , be the impulse responses that result for applying (9) to the reduced order model (21) and its moisture equivalent, respectively, as described in section 3. We collect all 
Φ ∈ R M×n , where M refers to the order of the finite-volume model (8) .
We assume that
is a sufficiently accurate representation of the impulse response z d (t), wherez is the time average of the snapshot set (13) for temperature and moisture, i.e.,
Proposition 1 Let Assumption 1 hold and let
W ∈ R n×n , refer to the controllability Gramian of the reduced order model. Then the Gramian (10) can be approximated by
which is the claim (26).
SinceG is an approximation for Gramian (10),
is an approximation for eigenvalue problem (11) , where β k ≈β k and v k ≈ṽ k
are approximations for k = 1, . . . , n eigenvalues and corresponding eigenvectors of G, respectively.
Proposition 2 Let Assumption 1 hold and letβ k be as in (27). Then the eigenvalues of (27) are equal to those of the smaller n-dimensional eigenvalue problem
and the eigenvectors of (27) are given byṽ
where w k ∈ R n is the eigenvector of (29).
Proof 2
We first consider the eigenvalues. Substituting (26) into (27) and using Sylvester's determinant identity, we can write the characteristic polynomial determinant for (27) as where I M and I n are the M × M and n × n identity matrices, respectively. and are the identity matrices of appropriate sizes. We observe that the non-trivial rootsβ k of the right hand side of (31), i.e., the eigenvalues of (29), correspond to the non-zero roots of the left hand side of (31), i.e., the non-zero eigenvalues of (27).
We now consider the eigenvectors. Left multiplying (29) with Φ yields
Substituting Φw k in (32) by (30) yields (27).
Note that (15) and (18) imply Φ ⊤ Φ = diag( 1 /∆V , . . . , 1 /∆V ).
Application to the drying process of wood chips
We apply the model reduction procedure presented in section 4.1 to the drying problem introduced in section 2. We evaluate the ROM in section 5.1 and analyze the controllability in section 5.2. The influence of the degree of reduction is addressed in section 5.3.
Reduced order model evaluation
We determine snapshots for the temperature and moisture from a CFD simulation for (1) and the conditions stated in table 1, case A. These conditions represent a typical drying process where an initially wet wood chip at room temperature is exposed to hot dry air until a steady state is reached after approximately 1100 s. The drying process can be modeled by applying a step function to the ambient temperature T ∞ (t) with T ∞ (t < 0) = 298.15 K and final temperature T ∞ (t ≥ 0) = 373.15 K. We determine the modes ϕ x,l (y i ), ϕ T,k (y i ) and coefficients c x,l (t), c T,k (t), l = 1, . . . , n x , k = 1, . . . , n T so that (16) and (20) yield reasonable approximations for the temperature and moisture, respectively. We choose the cut-off values of n x = n T = 3, thus n = 6, so that the total moisture X(t) = N i=1 n l=1 ϕ x,l (y i )c x,l (t) ∆V has a mean relative error over all times of less than 2% compared to the CFD simulation. We use the total moisture to assess the cut-off value, since it is the relevant quantity in the optimal control problem of section 6. The first modes φ x,1 and φ T,1 and the coefficients c x,l (t j ), c T,k (t j ), k = 1, . . . , 3, are shown in Figures 1 and 2 (red crosses) , respectively. We stress that all simplifications that were used for explanatory reasons in section 4.1 do not apply here in chapter 5. Specifically, the material parameters s, λ and δ are nonlinear functions of the local moisture or temperature approximations and the moisture and heat diffusion coefficients λ and δ are of dimension R 3×3 .
We check if the ROM represents the drying behavior of the wood chip reasonably well by analyzing the temporal and spatial behavior. Figure 2 compares the time-discrete coefficients obtained by the POD (16) and (20) (red crosses) to the time-continuous coefficients that result from solving the ODE system (21) and the corresponding system for the moisture (black lines) for a step of the ambient temperature to T ∞ (t ≥ 0) = 373.15 K. Some deviations occur for higher-order modes, but the most important modes match very well. Furthermore, we determine the error
to compare the spatial error of the moisture and temperature distribution inside the wood chip. The maximum absolute error over all times and spatial locations is 24.3 K at time t j = 704 s for the temperature and 0.094 kg /kg at time t j = 550 s for the moisture.
Finally, we check if the ROM is also capable of representing the moisture and temperature inside a wood chip for significantly different than the design boundary conditions. This becomes crucial when the ROM is used in an optimization scheme where the ambient conditions are altered. We determine a ROM for the conditions stated in table 1 case A and apply the different ambient temperature of case B. The time coefficients of the ROM are shown in Figure 3 (black lines). Just for comparison reasons we carry out a CFD simulation for the conditions of case B and determine the time discrete coefficients (red dots). We observe that some deviations occur for higher order modes but the most important modes match acceptably well. We stress again that the CFD for case B was not used to determine a ROM but only to determine the time coefficients for comparison reasons.
We additionally validate the ROM by comparing the total moisture X(t) = N i=1 x(y i , t) ∆V obtained with the ROM to the result of the CFD simulation for different step heights of the ambient temperature. Specifically, we have T ∞ (t ≥ 0) ∈ {298.15 K, 323.15 K, 348.15 K, 373.15 K}. We show the total moisture, because this quantity is required in the optimal control problem presented in section 6. The approximation of the total moisture by the ROM is shown in Figure 4 (dashed blue lines). Minor deviations occur in the middle of the drying process in each case. We claim that this approximation is sufficiently accurate for the use in an optimal control problem. Note that the ROM was determined only from CFD results We briefly note that the approximation error of the ROM is not negligible but acceptable, since it has the same order of magnitude as the approximation error of CFD simulations. In [18] , the drying behavior of a single sphere-shaped wood particle was determined experimentally and compared to CFD simulations. While these results cannot be compared to the results obtained here due to the different particle geometry, a comparison of the approximation errors is still useful. The mean relative error between CFD and experimental results amounts to 24% for the drying rate. In comparison, the ROM of order n=6 in section 4.1 results in a relative error of 20% with respect to the original simulation data. We conclude the ROM represents the wood chip drying process sufficiently accurately, since the error induced from the model reduction is smaller than the modeling error.
Controllability of the drying process
We apply the empirical controllability Gramian as introduced in sections 4.2 to the ROM of section 4.1. Specifically, we apply the control input (9) with h d ∈ {10 −3 , 10 −2 , 10 −1 , 10 0 , 10 1 , 10 2 , 10 3 }, i.e., s = 7, to the ROM in a state that results for u 0 = 298.15 K. We choose these h d to cover 7 orders of magnitudes. Solving the ROM (21) for each h d yields the desired coefficients (22) and steady states c d ss that result for t → ∞. We use these coefficients to determine
i.e., the discrete-time representation of (25) where the integral in (25) is approximated by a sum for ∆t = 0.001 s and m f = 15 × ·10 6 time steps. These ∆t and m f were chosen such that an increase of one order of magnitude of the discretization time results in a change of less than 1% for (34) and that c d (t m f ) is the desired steady state c d ss . We have W * ∈ R 6×6 , since the ROM is of order n = 6.
The eigenvaluesβ k , k = 1, . . . , 6 are determined according to (29) and listed in table 2. We find thatβ k > 0 for all k = 1, . . . , 6. According to Lemma 1, this indicates that the nonlinear ROM of section 4.1 is controllable. We conclude that the control input u(t) = T ∞ (t) is a reasonable choice to control the states of the ROM. However, we cannot say, Table 2 : Eigenvalues of the empirical controllability Gramian for a ROM of order n = 6 β 1 = 6.91 β 2 = 2.06 × 10 −1 β 3 = 5.72 × 10 −3 β 4 = 9.34 × 10 −6 β 5 = 1.54 × 10 −6 β 6 = 3.16 × 10 −8 Figure 6 : Singular valuesβ k,n , k = 1, . . . , n of the empirical controllability Gramian W * n for ROM of different orders n = 2, 4, . . . , 50 (blue dots). The red line marks the floating-point accuracy. whether the CFD model, i.e., the M -dimensional model, is fully controllable or not, sincẽ β k are the approximations for only some eigenvalues of the larger controllability Gramian (10) . It is possible that (10) has zero eigenvalues and (34) has not. In fact, we expect that the detailed model is not fully controllable, since the wood chip drying problem, Ω, the boundary conditions and spatially dependent material parameters are symmetric. Due to this symmetry, arbitrary moisture and temperature distributions are not possible. However, we can determine the controllable subspace according to Lemma 2 using the eigenvectors of (34). The eigenvectors (28) approximate the controllable subspace of the CFD model. The eigenvectorṽ 1 indicating the most controllable direction is shown in Figure 5 .
We claim the ROM is suitable for controlling the moisture and temperature distribution, since the ROM is controllable and its reachable states yield an approximation for the reachable moisture and temperature distribution of the detailed model (5).
Controllability comparison of different reduced models
As a final preparation, it remains to check if the controllability properties change when the order of the ROM is changed. Specifically, we check if the eigenvaluesβ k and eigenvectors v k change for ROM of different order. For this, we repeat the analysis that was performed for n = 6 in section 5.2 for n = 2, 4, . . . , 50, where n x = n T . We choose n = 2, since it is the smallest order of the ROM with n x = n T ; n = 50 is an arbitrary high number.
We determine the empirical controllability Gramians W * n , where the subscript n denotes the order of the ROM, n = 2, 4, . . . , 50. To compare controllability, the eigenvalues β k,n and eigenvectorsṽ k,n are determined, where the subscript k, n denotes the k-th eigenvalue/eigenvector of the Gramian W * n . Figure 6 depicts all determined eigenvalues. Several observations can be made.
Eigenvalues appear in pairs (see Fig. 6 , e.g. n = 2, 4, . . . , 16), specifically, the first i = 1, . . . , 1 /n eigenvaluesβ i,n belong to the temperature and the last i = 1 /n + 1, . . . , n eigenvalues belong to the moisture. The smallest eigenvalues for temperature and moisture, respectively, decrease with increasing order of the ROM, whereas all other eigenvalues remain nearly unchanged. Obviously, the order or sequence of POD modes from most to least important, has a strong connection to the sequence of the most controllable eigenvectors. A ROM that contains the most relevant POD modes also contains the most controllable modes in our case. This indicates that the snapshot set that was used to determine the POD modes was an appropriate choice. At some order of the ROM (n = 36) we observe that the smallest eigenvalue drops below floating-point accuracy indicating that the ROM for this and higher orders is not fully controllable.
In conclusion, all ROM of order n < 36 seem appropriate for the use in optimal control schemes regarding controllability properties. However, this does not hold true for the ac-curacy of the model. We claim that ROM of order n < 6 are not capable of appropriately representing the drying process for the range of temperatures regarded in the optimal control problem. We therefore choose n = 6 for the studies to follow.
6 Optimal Control Problem
Optimal control problem under consideration
We assume that the ambient temperature T ∞ (t) = u(t) is the only control input. Furthermore, we assume u(t) is subject to bounds
where the process starts at t = 0 without restriction, and where t f is a given end time of the drying process. The total moisture in the wood particle is
where x(y, t) obeys (1) and its boundary and initial conditions. It is our goal to find a control trajectory so that the total moisture in the wood particle is less than a prescribed value X f at the end of the drying process. This is enforced by the terminal inequality constraint
The cost function
serves as a simple model for the cost of energy.
In summary, we seek the function u : [0, t f ] → R that minimizes (38) subject to the input constraints (35), the terminal constraint (37) for the integral moisture (36), and the dynamics (1) with boundary and initial conditions (2) and (4), respectively, where t f is a given end time.
Since we cannot expect to find an analytic solution, the stated optimal control problem must be solved numerically. However, solving the OCP numerically with an embedded CFD solver is tedious and computationally expensive. For this reason, the ROM presented in section 4.1 is used to approximate the PDE in the optimal control problem stated above. This substitution results in the optimal control problem min u(tj ), j=0,...,m m j=0
with k = 1, . . . , n x , l = 1, . . . , n T , i = 1, . . . , N , j = 0, . . . , m and where f ROM,x (c x,k (t), c T,l (t)) and f ROM,T (c x,k (t), c T,l (t), u(t)) refer to the right hand side of (21) and its moisture equivalent. The continuous time function u(t) results from applying zero order hold to u(t j ), j = 0, . . . , m. The integral in (36) is approximated by a sum.
Optimal control results for the drying of wood chips
We determine the optimal input sequence u(t j ), j = 0, . . . , m, for the drying process with a target moisture of X f = 1 × 10 −7 kg /kg and t f = 600 s. The bounds on the input read u min = 298.15 K and u max = 373.15 K. We choose n x = n T = 3, thus n = 6, for the order of the ROM.
The solution to the optimal control problem (39) for the initial guess u(t j ) = 373.15 K, j = 0, . . . , m is shown in Figure 7 (red line). It turns out to be a bang-bang solution with two heating and two resting periods. The control attains the upper bound during the heating periods 0 ≤ t ≤ 219 s and 390 s ≤ t ≤ 591 s and the lower bound during the resting periods 219 s < t < 390 s and 591 s < t < 600 s. The heating periods are located at the very beginning and almost at the end of the drying process.
Since the optimal control problem (39) involves approximations, we check the optimal input signal shown in Figure 7 by applying it to (5) . Note that the accuracy of the ROM concerning the total moisture (36) has already been validated in Figure 4 . The resulting trajectory for the total moisture is shown in Figure 8 (solid red line). The Figure shows the result predicted by the ROM for comparison (dashed blue line). More specifically, the dashed blue line in Figure 8 is the moisture that results from integrating the ODE for c x,k (t) in (39) and determining x(y i , t) =x(y i ) + nx k=1 ϕ x,k (y i )c x,k (t) and X(t) = N i=0 x(y i , t)∆V . For both the CFD simulation and the ROM, the total moisture decreases from an initial value of about X(t = 0) = 8 × 10 −7 kg /kg and attains the desired target value of X f = 1 × 10 −7 kg /kg (marked by the dash-dotted black line) at t f = 600 s. As expected, the total moisture decreases faster during the heating periods and more slowly during the resting period. We claim that the prediction accuracy of the ROM is acceptable.
The optimal heating trajectory deserves some comments. Generally speaking, drying is faster on the particle surface and slower inside the particle, since evaporation takes place on the surface only. At some point during the drying process, the inner particle is wet but the surface is already dry so that the evaporation rate drops and drying proceeds slowly. Keeping the ambient temperature low during this time saves energy and allows the moisture inside the particle to diffuse to the surface. Evaporation increases in the subsequent heating period and drying proceeds faster. : Total moisture X(t) for the optimal drying of wood chips obtained by applying the optimal input sequence to the ROM (dashed blue line) and to the CFD simulation (solid red line). Small deviations occur at the end of the drying process.
Reduced order model study
Choosing the number of modes n is obviously a trade-off between a strong reduction and the accuracy of the moisture approximation. Small ROM reduce the time required to solve the optimal control problem, but fail if the approximation error is too large. In contrast, large ROM have an increased accuracy, but become uncontrollable for larger n. We analyze this trade-off by comparing optimal control results obtained from ROM of different order. We choose n = 6, since it results in the smallest ROM with reasonable approximations for the moisture, and n = 34, since it is the largest controllable ROM according to section 5.3, and n = 10 for comparison reasons.
We solve the optimal control problem for n = 6, 10, 34 with the same conditions as stated in section 6.2. The resulting optimal control trajectories are shown in Figure 9 . We observe that the optimal control trajectories are all of bang-bang type with two heating and two resting periods. The switching points nearly coincide for all n. We determine the total moisture that results from applying the optimal control trajectories of Figure 9 to CFD simulations. The total moisture trajectories are shown in Figure 10 . Again, the trajectories nearly coincide. Small deviations can be observed at the end of the drying process. Using a ROM of high order in the optimal control problem (e.g. n = 34, dashed green line) results in a total moisture that is slightly closer to the target water content (dash dotted black line) at the end of the drying process. A ROM of significantly lower order (e.g. n = 6, dash dotted blue line) has a marginally higher deviation. We conclude that n = 6 is a reasonable Figure 9 : Optimal control trajectories obtained with ROM of different order (n = 6, 10, 34, dash dotted blue, solid red, dashed green line). choice for the order of the ROM in the optimal drying problem regarded here. Increasing the number of modes does not result in significant changes of the optimal control result. This corresponds to the results of section 5.3, that increasing the number of modes does not significantly change controllability properties.
Conclusion
We used POD and Galerkin-based model reduction to obtain a ROM for the drying of wood chips. Specifically, a ROM of order six proved to be appropriate to approximate the coupled heat and moisture diffusion. We used the model for a nonlinear controllability analysis of the drying process. The eigenvectors and eigenvalues of the empirical controllability Gramian were used as a controllability measure. We showed that the ROM of order six is fully controllable and that its states yield a reasonable approximation of the controllable subspace of the drying process. Furthermore, the model proved to be sufficiently accurate and computationally efficient to allow solving optimal control problems for the energyefficient operation of the drying process. We demonstrated new modes of operation for drying processes can easily be explored with optimal control problems, once a ROM is available.
